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Abstract 

This paper is concerned with the study of the dimension theory of tensor products of algebras 
over a field k. We answer an open problem set in [6] and compute dim(A igik B) when A is a 
fc-algebra arising from a specific puUback construction involving AF-domains and B is an arbitrary 
fc-algebra. On the other hand, we deal with the question (Q) set in [5] and show, in particular, that 
such a puUback A is in fact a generalized AF-domain. 



1. Introduction 

All rings considered in this paper are commutative with identity element and all ring 
homomorphisms are unital. Throughout, k stands for a field. We shall use t.d.(j4 : k), or 
tA.{A) when no confusion is likely, to denote the transcendence degree of a fc-algebra A 
over fc, A[ri\ to denote the polynomial ring X„] and to denote the prime ideal 

p[Xi, ...,Xn] of ...,Xn] for each prime ideal p of A. Also, we use Spec(A) to denote 

the set of prime ideals of a ring A and C to denote proper set inclusion. All fc-algebras 
considered throughout this paper are assumed to be of finite transcendence degree over fc. 
Any unreferenced material is standard as in [11], [15], [16] and [17]. 

Several authors have been interested in studying the prime ideal structure and related 
topics of tensor products of algebras over a field fc. The initial impetus for these investigations 
was a paper of R. Sharp on Krull dimension of tensor products of two extension fields. 
In fact, in [19], Sharp proved that, for any two extension fields K and L of fc, Ami{K (3^ 
L) — min(t.d.(_ft'), t.d.(i)) (actually, this result appeared ten years earlier in Grothendieck's 
EGA [13, Remarque 4.2.1.4, p. 349]). This formula is rather surprising since, as one may 
expect, the structure of the tensor product should reflect the way the two components 
interact and not only the structure of each component. This fact is what most motivated 
Wadsworth's work in [20] on this subject. His aim was to seek geometric properties of primes 
of A (8>fc S and to widen the scope of algebras A and B for which dim(A ®k B) depends 
only on individual characteristics of A and B. The algebras which proved tractable for 
Krull dimension computations turned out to be those domains A which satisfy the altitude 
formula over fc (AF-domains for short), that is. 
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ht{p) + t.d.{-) = t.d.(A) 
P 

for all prime ideals p of A. It is worth noting that the class of AF-domains contains the most 
basic rings of algebraic geometry, including finitely generated fc-algebras that are domains. 
Wadsworth proved, via [20, Theorem 3.8], that if Ai and A2 are AF-domains, then 

dim(^i Ofe A2) = min(^dim(Ai) + t.d.(A2), t.d.(Ai) + dim(A2)^. 

His main theorem stated a formula for dim(A 0^ B) which holds for an AF-domain A, with 
no restriction on B, namely: 

dim(AOftS) = D(^t.d.(A),dim(A),s) 

:= max|ft.t(g[t.d.(A)]) + min(^t.d.(A), dim(A) + t.d.( — : q G Spec(B)| 
[20, Theorems.?]. 



Our aim in [6] was to extend Wadsworth's results in a different way, namely to tensor 
products of /c-algebras arising from puUbacks. In this regard, we use previous deep investi- 
gations on prime ideal structure of various pullbacks, as in [1]. Our main result in [6] states 
the following: 

Let Ti be a k-algebra which is an integral domain and Mj a maximal ideal of Ti such 
that ht{Mi) = dimiTi), Ki = j^, (pi the canonical surjection from Ti to Ki, Di a subring 

of Ki, and Ai = ip~^{Di) he the issued pullback, for i = 1,2. Assume that Ti and Di are 
AF-domains, for i = 1,2. Then 

dim{Ai Ofc A2) = max^^ht{Mi[t.d.{A2)]) + D{t.d.{Di), dim{Di),R'^, 

ht{M2[t.d.{Ai)]) + D{t.d.{D2), rfim(D2), -Ri) }, 

where D{s,d,A) := max|/if(p[s])-|-min^s, rf-|-t.d.( — )^ : p G Spec(A)| for any fc-algebra 

A and any positive integers < d < s. This theorem allows one to compute the KruU 
dimension of tensor product of two A;-algebras for a large family of (not necessarily AF- 
domains) fc-algebras. Further, we set in [6] the open problem of computing diin(^i (Xifc A2) 
when only Ti and Di are assumed to be AF-domains. 

On the other hand, in [14], Jaffard proved that, for any ring A and any positive integer n, 
the Krull dimension of A[n] can be realized as the length of a special chain of A[n]. Recall 
that a chain C = {Qq C Qi C ... C Qs} of prime ideals of A[n] is called a special chain 
if for each Qi, the ideal (Qi n A)[n] belongs to C. Subsequently, Brewer et al. gave an 
equivalent and simple version of Jaffard's theorem. Actually, they showed that, for each 
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positive integer n and each prime ideal P of A\n], htiP) = ht{q[n]) + ht{—-^) [10, Theorem 

q[n] 

1], where q := P n A. Taking into account the natural isomorphism B[v^ = k[n] ®k B for 
each fc-algcbra B, wc generalized in [6] this special chain theorem to tensor products of k- 
algcbras. Effectively, we proved that if A and B are fc-algebras such that A is an AF-domain, 
then for each prime ideal P oi A®^ B, 

ht{P) = ht{A 0fc q) + ht{-^) = ht{q[iA.{A)]) + ht{-^), 

where q = PllB (cf. [6, Lemma 1.5]). It turned out that this very geometrical property to- 
tally characterizes the AF-domains. In fact, we proved, in [4], that the following statements 
are equivalent for a domain A which is a fc-algebra: 

a) A is an AF-domain; 

h) A satisfies SCT (for special chain theorem), that is, for each k-algebra B and each 
prime ideal P of A®i.B with q := P (1 B, 

P P 
ht{P) = ht{q[t.d.{A)]) + ht{- ) = ht{A Ofc q) + ht{- ) [4, Theorem 1.1]. 

A (i)k q A ®fe q 

In view of this, we generalized in [5] the AF-domain notion by setting the following defini- 
tions: 

We say that a k-algebra A satisfies GSCT (for generalized special chain theorem) with 
respect to a k-algebra B if 

ht{P) = htip ®kB + A®kq) + ht{——^^—r——) 

p®kB-^A®kq 

for each prime ideal P of A^k B, with p = PCi A and q = P (IB, 

and we call a generalized AF-domain (GAF-domain for short) a domain A such that A sat- 
isfies GSCT with respect to any k-algebra B. 

There is no known example in the literature of a fc-algebra A which is a domain and which 
is not a GAF-domain. This may lead one to ask whether any fc-algebra which is a domain 
is a GAF-domain. We were concerned in [5] with the following question: 

(Q): Is any domain A which is a fc-algebra such that the polynomial ring A[n] is an AF- 
domain, for some positive integer n, a GAF-domain? 

Wc gave in [5] partial results settling in the affirmative the above question (Q). First, we 
proved that an AF-domain A is in fact a GAF-domain, thus in particular, any finitely 
generated algebra over k which is a domain is a GAF-domain. Also, we proved that (Q) 
has a positive answer in the case where A is one-dimensional. Our main result in [5] tackles 
the case n = 1 of (Q). It computes dim(A (8)^ B) for a fc-algebra A such that A[X] is an 
AF-domain and for an arbitrary fc-algebra B generalizing Wadsworth's main theorem [20, 
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Theorem 3.7] and further asserts that A is a GAF-domain. We ended that paper by an 
example of a GAF-domain A such that, for any positive integer n, the polynomial ring A[n] 
is not an AF-domain. 

Our objective in this paper is twofold. On the one hand, we handle the above-mentioned 
problem set in [6] and compute dim(A 0^ B) when A is a puUback arising from the above 
construction and B is an arbitrary fc-algebra. On the other hand, we prove that the answer 
to the question (Q) set in [5] is affirmative for such a pullback construction A. Besides, our 
main result. Theorem 2.8, is, in particular, an important step towards determining a general 
formula for dim(A (8)^ B) in the case where A[n] is an AF-domain for some positive integer 
n and B is an arbitrary fc-algebra. It states the following: 

T 

Let T be a k-algehra which is a dom,ain and M a maximal ideal of T. Let ^ ~ ^ ^^'^ 
D he a subring of K . Let Lp : T — > K be the canonical surjective homomorphism and 
A :— (p^^(D). Assume that T and D are AF-domains and Tm is catenarian. Then, A is a 
GAF-domain and for an arbitrary k-algebra B, 



dim{A(g)k B) = max^D[t.d.{A),d,By,ht{M) + max^ht{qi[t.d.{A)]) + ht(^^[t.d.{Dy\j^ 

min{t.d.{^), t.d.{K : D)^ + min(t.d.{D), dim{D) + t.d.{^)j : gi C g e 5pec(B)||, 
where d := sup |/it(Q) : Q G Spec{T) with M ^z^ q|. 



Direct consequences of this theorem are provided as well as a case where we may drop the 
catenarity property of Tm is exhibited. An example to illustrate our findings closes this 
paper. 

Recent developments on height and grade of (prime) ideals as well as on dimension the- 
ory in tensor products of fc-algebras are to be found in [2-7]. Concerning the study of the 
transfer to tensor products of algebras of the S-property, strong S-property, and catenarity, 
we refer the reader to [8]. 



2. Main results 



First, for the convenience of the reader, we catalog some basic facts and results connected 
with the tensor product of fc-algebras. These will be used frequently in the sequel without 
explicit mention. 

Let A and B be two fc-algebras. If » is a prime ideal of A, r = t.d.(— ) and Xi, ...,x^ are 

P 

j{ 

elements of — , algebraically independent over fc, with the Xi e A, then it is easily seen that 
P 

algebraically independent over fc and pfl 5 = 0, where S = k[xi, Xr] \ {0}. If 
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A is an integral domain, then ht{p)+t.d.{ — ) < t.d.{A) for each prime ideal p oi A (cf. [21, 

p. 37] ). Now, assume that 5i and 52 are multiplicative subsets of A and B, respectively, 
then S^^A(g)kS2^B = S~'^{A'S>k B), where S = {si(g)S2 : si e 5i and S2 e 52}. We assume 
familiarity with the natural isomorphisms for tensor products. In particular, we identify A 
and B with their respective images in A (g)^ B. Also, A^f. B is a free (hence faithfully flat) 
extension of A and B. Moreover, recall that an AF-domain A is a locally Jaffard domain, 
that is, ht{p[n]) = ht{p) for each prime ideal p and each positive integer n [20, Corollary 3.2]. 
Finally, we refer the reader to the useful result of Wadsworth [20, Proposition 2.3] which 
yields a classification of the prime ideals of A^kB according to their contractions to A and B. 

We begin by recalling from [3], [5], [6] and [20] the following useful results. 

Proposition 2.1 [6, Lemma 1.3]. Let A and B be k-algebras such that B is a dom,ain. 
Let p be a prime ideal of A. Then, for each prime ideal P of A^i-B which is minimal over 
p®k B, 

ht{P) = ht{p (8)fe B) = ht{p[t.d.{B)]). 



Proposition 2.2 [20, Proposition 2.3]. Let A and B be k-algebras and let p C p' be 

prime ideals of A and q ^ q' be prime ideals of B. Then the natural ring homomorphism 

<x> : 7^—. > — — such that (p(a (S)/c 6) = a (8)^ 6 for each a G A and each 

p®kB + A®kq P q 
b € B, is an isomorphism and 

.p' ®kB + A®kq' , p' B A q' 

piSik B + Aisikq p q p q 



Proposition 2.3 [6, Lemma 1.2 and Proposition 2.2]. Let T be an integral domain 

T 

which is a k-alqebra, M a maximal ideal of T , K := — and lo : T ^ K the canonical 
" ' M _ 

surjective homomorphism. Let D be a proper subring of K and A := (p~^{D). Assume that 
T and D are AF-domains. Then 

1) The polynomial ring A[t.d.{K : D)] is an AF-domain. 

2) ht{p[n]) ~ ht{p)+min{n, t.d.{K : D)j for each prime ideal p of A such that M C p 
and each positive integer n. 

The following easy result is probably well known. We refer the reader to [5] for a detailed 
proof. 

Proposition 2.4 [5, Proposition 2.4]. Let A be a ring. Let I C J be ideals in A. Then 

ht{I) + ht{j) < ht{J). 
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Proposition 2.5. Let A and B he k-algehras such that A is an AF-domain. Let P G 

Spec{A ®k B), p = P r\ A and q = PnB. Then 

P 

1) ht{P) = ht{A q) + ht{- ) [6, Lemma 1.5]. 

A<sik q 

2) htiP) = htiq[t.d.iA)]) + htip) + hti-^-^^^). 

P B - P 

Proof. 2) As — n — — (0), — survives in A ®k kBici), where Asfg) denotes the 

A(g)kq q A(g)kq 

quotient field of — , so that, applying (1), we get 

hti^) = ht(p\t.±m)+ht(^M^) 

P 

= htip) + ht{ — : ), as ^ is a locally Jaffard domain 

^-p^kB + A^kq' 

and pfSik — = ^ , by Proposition 2.2. 

q AiSikq 

P 

Hence ht{P) = ht{q[t.±{A)\) + ht{p) + ht{ ), as desired. □ 

piSik B + Aigik q 

A domain A is said to be catenarian if for each chain of prime ideals p C g' of ^, 

ht{p) + ht{^) = ht{q) (cf. [9]). 

Proposition 2.6. Let A he an AF-domain. If A is catenarian, then — is an AF-domain 

V 

for each prime ideal p of A. 

Proof. Assume that A is catenarian and fix p G Spec(A). Let p C q £ Spec(A). Then 

/ii(-)+t.d.(-) = ht(q)-htip)-{-t.d.(-) 
p q q 

= t.d.(j4) — ht{p) as A is an AF-domain 

= t.d.(^). 

P 

j{ 

Hence — is an AF-domain. □ 

P 

Let A and B be fc-algcbras and P be a prime ideal of A ®j. B. Lot go G Spcc(B) such 
that qo C P (1 B. We denote by x(j^.,qo), P^ the maximum of lengths of chains of prime 
ideals of A^kB of the form Pq C Pi C ... C Ps = P such that PiOB = go, for i = 0, 1, s-1. 
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Proposition 2.7 [3, Lemma 2.4]. Let A and B be k-algebras and P be a prime ideal of 
A^k B with p = P CiA and q = P (IB. Assume that A and B are integral domains. Then 

X({.,{0)),P) < t.d.{A) - t.d.{-) + ht(q\t.d.{-)\) +ht{ — ^- ). 

V^'^^^' J- ^ ' ^p' Vi ^p'\J ^p®kB + A®kq 

Finally, recall that, if A is a fc-algebra and n > is an integer, then the polynomial ring 
A[n] is an AF-domain if and only if, for each prime ideal p of A, 

ht{p[n]) +t.d.{—) = t.d.{A) [6, Lemma 2.1]. 

P 

Next, we announce the main theorem of this paper. It gives an answer to the above- 
mentioned problem set in [6] as well as to the question (Q) of [5] and represents an important 
step towards determining a formula for dim(^ B) when A[n] is an AF-domain for some 
positive integer n, and B is an arbitrary fc-algebra. 

Theorem 2.8. Let T be a k-algebra which is a domain and M a maximal ideal of T. Let 
T 

= — and D be a subring of K. Let <^ : T — > K be the canonical surjective homomor- 

phism and A := ip~^{D). Assvme that T and D are AF-domains and Tm is catenarian. Let 
B be an arbitrary k-algebra and let P € Spec{A (S)k B), p = P D A and q = PCi B. Then the 
following statements hold: 

1) IfM p, then 

htiP) = htip) + htiq[t.d.m + hti^^-^^^). 

2) IfMC p, then 

ht{P) = ht{p) + maxi^ht{qi[t.d.{A)]) + ht(^^[t.d.{D)]^-\- 

B, „A „ . , P 



mm 



), t.d.{K : D)) : gi C g e Spec{B)^ + ht{- 



'gi / i pig>k B + Aigikq 

3) dim{A®kB) = max^D(^t.d.(A),d, By,ht{M) + maxi^ht{qi[t.d.{A)]) + ht(^ — [t.d.{D)]j 

mm[t.d.{ — ), t.d.{K : D)j+mmi^t.d.{D), dim{D) + t.d.{—)j : qi C q £ Spec{B)jj, 
where d := sup |/ii(Q) : Q e Spec{T) with M q|. 

4) A is a G AF-domain. 
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Proof. 1) Let M p. Then, by [1, Lemma 2.1], there exists p' G Spec(T) such that 
p' r\A=p, and p' satisfies Ap = Tpi. Thus Ap is an AF-domain, so that by Proposition 2.5, 



ht{P) = ht{q[iA.{A)]) + ht{p) + ht{ 



piSik B + A<Sik q 



), as desired. 



2) Assume that M C p. Then t.d.( 



t.d. 



A/M\ 



j < t.d.(D), and applying [1, Lemma 



2.1], there exists Q € Spec(£') such that p = <f ^{Q) and the fohowing diagram 



i 

Tm 



i 

K 



is a puUback diagram. Therefore, as ht{P) = ht{P{Ap (g)^ B)), we may assume without loss 
of generality that (T, M) is a quasilocal catenarian domain, and thus M is a divided prime 
ideal of A, via [1, Lemma 2.1]. 

First, note that, by Proposition 2.1 and Proposition 2.2, we have, Vgi Q q £ Spec{B), 



f ht{qi[t.d.{A)]) = ht{A®kqi) 



ht(p t.d.( — ) ) = ht{- 

= ht{- 



ht(^[tA.{D)] 



^(8>fc qi 

M ®kB + A®kq 



'M ®kB + A ®k qi 

It follows, by Proposition 2.1, Proposition 2.2, Proposition 2.3 and Proposition 2.4, that, 
yqiCqe Spec(S), 

ht{p) + ht{qi[t.d.{A)]) + ht(—[t.d.{D)]) + minft.d.(— ), t.d.{K : D)) = 

\qi ^ ^ qi ' 



ht{M) + minft.d.( — ), t.d.{K : D)) + ht{^) + ht{A ®fe qi) + ht{ 

B i\ / V r B "w 

d.( — ) ) +ht{A^kqi) + ht(^ t.d.(-) )+hti 
QiJ/ \IV1 I q ^ ' 



ht M 



ht{ 



Mi 



B 

qi 

B 

qi 

B + A(S,kqi 



AiSik qi 



) + ht{A 0fc qi) + ht{ 



pi 



B^V 

q 

B + Ai 



M ®kB + A^kq 
M <S,k B + A^kqi 
M ®kB + A(S)kq 



-) 



M ®kB + A®kqi 

B + A®kq 



M ®kB + A®kq 
ht{p®kB + A®k q)- 



q ^ 1 , M 
) + ht{ 



'Mi 



B + Ai 



: qi 



)< 
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Therefore, for each prime ideal qi C g of i?, 



ht{p) + ht{qi[t.d.{A)]) + ht( — [t.d.{D)]) + niinft.d.( — ), t.d.{K : D)) + 



estabhshing the direct inequality. The proof of the reverse inequality falls into the following 
two steps. 

Step 1. B is an integral domain. 

Our argument uses induction on dim(T), ht{p) and ht{q). First, note that 



(*) max|/it(g[t.d.(A)]) + /it(p t.d.(— ) ^ ht{p[t.d.{B)]) + ht(^q t.d.(-) )| < 
ht{p) + m&x\^ht{qi[ t.d.(A)]) +M(^[(t.d.(£»)]) + 
min(^t.d.( — ), t.d.(is: :£>)]: gi C g e Spec(S)|, 



it suffices to take qi = q and qi = (0). If cither dim(T) = or ht{p) = 0, then T = K 
is a field and, thus, A = £) is an AF-domain, and applying Proposition 2.5 and (*), we 
obtain the formula. Also, the case ht{q) = is fairly easy via Proposition 2.5 and (*). 

Then, assume that dim(r) > 0, ht{p) > and ht{q) > 0. Consider a chain of prime ideals 

Qo C Qi C ... C Qh — P oi A B such that h = ht{P). Let r := maxj™ : Qm H ^ C p or 

P 

Qm^B d q}. Let Q = Q^, p' = Qr n A and q' = Q^C\ B. Hence, ht{P) = ht{Q) + ht{ — ). 
We are led to discuss the following cases. 

Ccise 1. p' = p. Then, q' C q, and by inductive assumptions, 

ht{Q) = +max{/ii(gi[ t.d.(A)]) + /it(^[t.d.(£>)]) + 

minft.d.f— ), t.d.iK : D)) : qi C q' G Spec(B)] + hti -), and thus 



ht{P) < +max{/ii(gi[ i.d.{A)]) + ht{^j[t.d.{D)]^ + 
[.{-), t.d.{K : D)) : gi C g' e Spec(i?)} + ht{ ^ 
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As 



A 



pigik B + AiSik q' p 
P 



ht{ 



y n — = (0), we get by Proposition 2.5, 



p^kB + A^kq' 



" Vg'L ^p'\) V {A/p)®k{q/q') ' 



= ht(^\t.d.(-)\) +ht(- 
\q' I p \J p 



P 



B + A^kq 



since, by Proposition 2.2, — (g)fc — = . It lollows that 

p q' p^kB + A®kq 

ht{P) < /ii(p) + niax{/ii(gi[t.d.(A)]) + /it(^[t.d.(D)]) + 



min(t.d.( — ), iA.{K : D)) : qi C q' G Spec(B)} + t-d-(-) ) 



hti 



piSik B + Ai^k q 



< 



ht{p) + max{/it(gi [ t.d.(A)]) + ht(^—[t.d. (£>)]) + ht(^^[t.d. (D)] 

min(t.d.( — ),t.d.(i4: : D)) : qi C q' £ Spec(S)l + 

P A 
hti ), as t.d.(-) < t.d.(£l) 

^p^kB + A^kq P 



< 



+ max|/ii(gi[ t.d.{A)]) + ht(^-^[t.d.{D)]j + 

i(t.d.( — ),t.d.(K : D)) : qi C q e SpedB)] + ht( — 
V / J pi 



P 



< ht{P). 

Then the equahty holds, as we wish to show. 

Ccise 2. M C p' c p. By inductive hypotheses, we get 



; -B + A Ofc g 



ht{Q) = /it(p')+max{/it(gi[t.d.(A)]) +/ii(^[t.d.(£')]) + min(t.d.(^),t.d.(/i' : £>)) : 



qiCq' G Spec{B)\ + ht{ — 
) pi I 



,B + A®kq' 

p' Q 

Note that ht(p') = ht(M) + ht(—) and that — ; survives in D ^k ksiq'), 

^' ^ ' ^M' M^kB + A^kq' 

B Q B 

where ksiq') denotes the quotient field of — . since — n — = (0). Then, 

^ ' q' M®kB + A®kq'q'^' 

by Proposition 2.5, we get 
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^*(77 7) = ht(^\t.d.{^)\) +ht{- -) 

since — — = — -, by Proposition 2.2 

M q' M^kB + A^uq' 

p' Q 

= ht(—) + ht(— =; T 7) as D is an AF-domain. 

^M' ^p' <S:kB + A^kq' 

Hence ^ 
ht{Q) = M(M)+max{M(gi[t.d.(^)]) +M(^[t.d.(i?)])+min(t.d.(^), t.d.(i^ : £))) : 



ht{P) < M(M)+max|/it(gi[t.d.(^)]) +Mf^[t.d.(L')])+minft.d.( — ), t.d.(i^ : : 

L V^i / \ qi I 

qiCq' e Spec(B)] + ht(— -) 

V ^; ^M^kB + Ai^kq' 



qiCq' e Spec(B)] + ht(— -). 

V ^M<»kB + A0kq' 

It follows that 



ht{M)+ma^{ht{qi[tA.{A)]) + ht(—[tA.{D)])+miTi(t.d.{ — ), t.d.{K : D)) : 
L \qi ^ ^ 91 „ ^ 

qiCq'e Spec(B)| + ht(^[t.d.{D)]) + htA + ht{- 
J \q' / M p( 



■OkB + A(E)kq 

by Proposition 2.5, since D is an AF-domain, and since, by Proposition 2.2, 

p B A q^p(g)kB + A(g)kq 



)k —, 



M q' M q' M®kB + A®h q' 

< /it(39)+max{M(gi[t.d.(A)]) +M(-^[t.d.(D)])+min(t.d.( — ), t.d.(if : : 

gi C g e Spcc(B) \ + hti ) 

1^ V 7j ^p®kB + A(^kq 

< ht{P), as desired. 

Case 3. p' C M and q' 7^ (0). Then Ap, is an AF-domain, and thus 

O P 
ht(Q) = ht(A (g)fe q') + hti , , ), so that htiP) = ht(A Ofe q') + hti- -). As 

A®kq A (8)fc q' 

ht{^) < ht{q), we get, by inductive assumptions, 

, ) = +max{/ii(^[t.d.(A)]) +M(^[t.d.(i:»)]) + 



min(^t.d.(— ),t.d.(ii' : D)^ : q' C qi ^ q & Spec(B)| +ht{— 



B + A( 
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Therefore 



ht{P) = ht{p) + max{M(9'[t.d.(^)]) + ht[^[ t.d.{A)]j + /li (^[t.d. (£>)])- 
iin(t.d.( — ), t.d.{K :£>)): g' C gi C g g Spec(S)} + 



mini 

P 

ht{ E -A ) 



< ht{p) + m^^x^^ht{ql[t.d.{A)]) + ht(^-^[t.d.{D)]j + 

minf t.d.(— ). t.dJK ■.D)):qiCqG Spec(B)] + hti — ) 

< ht{P), and the equahty holds. 

Case 4. (0) ^ p' d M and q' = (0). Then ht{Q) = ht{p' ®k B) + ht{ , ^ „ ), via 

p 

Proposition 2.5. It follows that htiP) = ht{p') + ), as Ar,, is an AF-domain. 

p ®k B 

Since p' C M, there exists a unique prime ideal P' of T such that P' fl A = p'. Then 
T 

P' 9^ (0), so that dim(— ) < dim(r), and 

i i 

P' M/P' 

T 

is a pullback diagram. Moreover, by Proposition 2.6, — is an AF-domain which is catenar- 
ian, therefore, by inductive assumptions, wc get 



■i„(..d.(f ),..d.(i. : O,) , « c , . Spec(B)} + 



,A^ 



= M(^) +max{/ii(gi t.d.(-)]) + M(^[t.d.(L»)]^ 
{-),t.d.{K : D)) -.qiCqG Spec(B)|+M( ) 
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Hence 



ht{P) = htip') + ht{^)+max\^ht(^qi t.d.(^) ) + /it(^[t.d.(£>)]) + 

minft.d.( — ).t.d.(ii' : D)) : qi C q G Spec(B)] + ht( ^—r 

< ht{p) + max|/it(gi[ t.d.(^)]) + ht(^—[t.d.{D)]j + 

min(^t.d.(— ), tA.{K : D)y. qi C q G Spec(B)| + ht{- 



B + A{ 



< h{P). 
Then the equahty holds. 

Case 5. p' = (0) and q' = (0). Then, by [19, Theorem 3.1], ht{Q) < t.d.(B), and thus, as 
Qr+i nA = p and Qr+i d B = q, we get 

P 



ht{P) = ht{Qr+i) + ht{- ) < 1 + t.d.(B) + ht{ 



r+l 



p iSik B + A iSik q 



Suppose that l+t.d.(B) < ht{p[t.d.{B)]). Therefore, 
ht{P) < ht{p[t.d.{B)]) + ht{ ^ 



p<Sik B + AiSik q 



/ r v4 1 \ 
< ht{p[t.d.{B)]) + ht[q^t.d.{-)^j + ht{ 



= ht{p^,B)+htf-^^^±^^) + ht{ 



p^kB + AiSikq 
P 



< ht{P). 



p®kB 



p®k B -\- A®kq 



/ r A i\ 

Hence ht{p[t.d.{B)]) = ht{p[t.d.{B)]) + htiq t.d.(— ) j, so that q = (0) which leads to a 
contradiction, as ht{q) > 0. It follows that, by Proposition 2.3, 

l+t.d.(B) > ht{p[t.d.{B)]) = ht{p)+mm(t.d.{B), t.d.{K : D)j, so that 

t.d.(S) > t.d.{K : D), as ht{p) > 1. On the other hand. 
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ht{P) = ht{Qr+l) + ht(-^) 

= a(((0),(0)),Q.+i)+M(^) 

< t.d.(A)-t.d.(-) + ht(q\t.d.i-)\) +hti ^-^ti )+ht{-^' 

(cf. Proposition 2.7) 



P 



as A[t.d.{K : D)] is an AF-domain 

< htip[t.d.m) + M(.[t.d.(^)]) + hti^^-^^^^) 

< ht{p) + niax{/ii(gi[ t.d.(A)]) + ht(^—[t.d.{D)]^ + 



mm 



inft.d.(— ),t.d.(ii' :£>)): 91 C g e Spec(B)| 



'gi ' ' ' ' / ' ~ J p -B + ^ (8>fe g ' 

by (*) 
< ht{P). 

Then the equahty holds. 

Step 2. B is an arbitrary fc-algebra. 

Let Po C Pi C ... C P/i = P be a chain of prime ideals oi A(Sik B such that /i = ht{P). 
go := Po n B. Then 



^ (8ife 90 ^ ®fc 90 A®kqQ A ®k qo A (8)fe go 

B P 

is a chain of prime ideals of A<S:k — and h = htiP) = ht(— ). By Step 1, 

90 A^kqo 

ht{P) = ht{—^ — ) = ht{p)+ma.xlht( — [t.d.{A)]]+ht(-^[t.d.{D)]]- 

P, 

'91' 



min(t.d.(— ), t.d.{K 9o C gi C g e Spec(P)| + 



/ P/(^«>fc9o) 



^P0fe {B/qo)+A(E)k (q/qo) 



14 



< ht{p) + max^ht{qi[ t.d.{A)]) + ht(^—[t.d.{D)]j 



+ 



I t.d.f — ), t.d.(i^ ■■D)] -.qiCqe Spcc(B) \+ht{- 



< ht{P), then the equality holds establishing the desired formula. 

3) First, observe that, by [1, Lemma 2.1], for each p G Spec(A) such that M p, there 
exists a unique Q G Spec(T) such that QCi A = p, and Q satisfies Ap = Tq. Then 

d = max^ht{p) : p G Spec(^) with M ^ p|. Now, by (1), we have 

max|M(P) : P G Spec(^ (g)fe B) and M p := P D A^ = 

f P 

max\ ht(p) + ht(q[t.d.{A)]) + ht{ ) : P G Specf^ ®k B) with p = Pf\A, 

L p®k B + A®kq 

q = PnB such that M ^ p| = 
max|M(p) + ht{q[t.d.{A)]) + min(^t.d.(^), t.d.(^) j : p G Spec(^) and q G Spec(B) 

such that M ^p^ (cf. [20, Proposition 2.3]) = 
max^ht{q[t.d.{A)]) + mm(t.d.{A), kt{p) + t.d.(^)^ : p G Spec(A) with M (^p and 

q G Spec(i3)| (as Ap is an AF-domain) = 

max|/it(g[t.d.(A)])+min(^t.d.(A),(i + t.d.(— : q e Spec(S)| = D{t.d.{A),d,B^ (**). 

On the other hand, let M C p. As done in (2), we may assume that (T, M) is a quasilocal 
domain, and thus M is a divided prime ideal of A. First, note that 

B . /■ , ,A^ . 



M(p)+min(t.d.(-), t.d.(-)) = M(M) + M(^)+min(t.d.(-), t.d.(-)) 

= /it(M) +min(^t.d.(£)),/ii(-^) +t.d.(— )), as D is 
an AF-domain. 

Hence, by (2), 

max|M(P) : P G Spec(^ (g>fc B) and M C p := P D A^ = 

max|M(p) +max|M(gi[t.d.(^)]) [t.d.(D)]) + min(^t.d.(— ), t.d.(i4: : D)j : 



1 P 

gi C g e Spec(B) } + ht( ) : P G Spec(A (g)^ B) with p = PCiA and 

J p'SikB + A^kq 

q = PnB such that M C p| = 
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max{ht{p) + ht{qi[t.d.{A)]) + ht(-^[t.d.{D)]) + minft.d.(— ), t.d.(is: : D)) + 
L \qi ^ ^ qi ) 

min^t.d.( — ), t.d.(— )^ : -p e Spec(A) and qi C q e Spec(-B) such that M C p| = 
max^^ht{M) + ht{qi[t.d.{A)]) + ht^-[t.d.{D)]j + inin(t.d.(^), t.d.(i4: : D)j + 
im(t.d.{D), + t.d.(^)) : P & Spec(A) and qi C q £ Spec(B) such that M C p| 

max\ht{M) + ht{qi[t.d.{A)]) + ht(—[t.d.{D)]) + minft.d.(— ), t.d.{K : D)) + 
mm(t.d.{D), dim(£)) + t.d.(— : qi C q £ Spec(B)| (* * *). 



Consequently, combining (**) and (* * *), we get easily the desired formula for dun{A(E)k B). 

4) Let p € Spec(^) and q G Spec(i3). Let Q be a minimal prime ideal oip^kB + A^kQ- 
Assume that M ^ p. Then, by (1), ht{Q) = ht{p) + ht{q[i.d.{A)\). Therefore, 

htip ^kB + A®kq) = htip) + ht{q[i.d.{A)]) 
and for any P e Spec(A ®k B) with p = Pr\A and g' = P n B, via (1), 

P 

ht{P) = ht{p ®kB + A®kq) + ht{——^-—r——). 

p^kB + A(S>kq 

Now, let M C p. Then, by (2), 
ht((Q) = +max|M(gi[ t.d.{A)]) + ht( — [i.d.{D)\ \ + minft.d.( — ), t.d.(if : D)) : 

gi C g e Spec(_B)|, so that 
htip ^kB + A(^kq)= htip) + max|M(gi[ t.d.(^)]) + /it (^[t.d. (£))]) + 

min(^t.d.( — ), t.d.(i4: : D)j : qi Q q e Spec(B)|. 



Thus, via (2), ht{P) = ht{p®kB+A®kq) + ht{ ) for each P G Spec(^(g)feB) 

p ®k B -\- A ijDk q 

such that p = P (lA and q = PCi B. Therefore ^ is a GAF-domain, completing the proof. 

□ 
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We get the following interesting consequence of Theorem 2.8. 



Corollary 2.9. Let T be a k-alqehra which is a domain and M a maximal ideal of T . Let 
T 

K = — - and D be a subring of K . Let ip : T — > K be the canonical surjective homomor- 

phism and A := ip^^{D). Assume that T and D are AF-domains and ht{M) < 2. Then, 
the assertions (1), (2), (3) and (4) of Theorem 2.8 hold for A and any k-algebra B. 

Proof. It is direct from Theorem 2.8 since any two-dimensional domain is catenarian. □ 

The following result discusses a case where it is possible to drop the catenarity assumption 
of Tm in Theorem 2.8. 

Proposition 2.10. Let T be a k-algebra which is a domain and M a maximal ideal ofT. 
T 

Let K = — and D be a subring of K . Let (p : T — > K be the canonical surjective homo- 

morphism and A := ip^^{D). Assume that T and D are AF-dom,ains and t.d.{K : D) < 2. 
Then, the assertions (1), (2), (3) and (4) of Theorem 2.8 hold for A and any k-algebra B. 

Proof. The proof runs similar to that of Theorem 2.8. We need only to discuss the case 
where (0) ^ p' C M and q' — (0) (Case 4 of Step 1 of the above proof) where the catenarity 
property of T is required. So, let B be an integral domain and let P € Spec(A ®k B), 
p = P (1 A and q = P C\ B. Let r := max{rn : Qm r\ A c p ov Ci B c q}. Let Q = Qr, 
p' = Qr ri A and q' = Qr^ B, and suppose that (0) p' C M and q' = (0). Hence 

ht{P) = ht{Qr+i) + ht{^ ) 

= a((.,(0)),Q,+i) ) 

^ ^ ^ r+l 

< t.d.{A)-t.d.{-) + ht(q[t.d.{-)]] + ht{ ) + ht{^ ), 

^ ^ p' \^ '■p(^kB + A®kq Qr+i 

by Proposition 2.7 

< ht{p[t.d.{K : D)]) + ht(q[i.d.{-)]) + ht{——^-——), as A[i.d.{K : D)] is 
an AF-domain, by Proposition 2.3. 

Now, if t.d.(B) > 2, then we get 

.A 



htiP) < htip[t.d.m) + ht{q[t.d.i-)]) + hti ^ ^^B + A^.q ^ 

< ht{p)+m&yi{ht{qx[t.A.{A)]) + ht( — [t.d.{D)'\) + minft.d.( — ),t.d.(/i' : D)) : 

qi^qe Spec(B)| ) 

J p'^kB + A(^kq^ 



< ht{P), 
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so that the desired equahty holds. Assume that t.d.(iJ) < 1. Then B is an AF-domain. 
Hence 



ht{P) = ht{p[t.d.{B)]) + ht(q[t.d.{—)]) + ht{ ), by Proposition 2.5 

< ht{p) + max{ht{qi[t.d.{A)]) + ht(^^[t.d.{D)]j + mm(t.d.{^),t.d.{K : D)^ : 

qiCqG Spec(B)| + ht{ — ^- ) 

< ht{P). 

Then the equahty holds, as contended. □ 

Next, for each positive integer n. wc provide an example of a finite dimensional valuation 
domain (y,M), thus universally catenarian (cf. [18]), of KruU dimension n such that V 

V 

is an AF-domain. Then, given any subring D oi K :— — such that D is an AF-domain 

(in particular any subfield of K), Theorem 2.8 allows us to compute dim(A $5^ B) for any 
fc-algebra B, where A is the puUback (fi~^{D). 

Example 2.11. Let Vi = k{Xi, X2, Xn)\Y](Y) = k{Xi, X2, ...Xn) -h Mi be a rank-one 
discrete valuation domain with Mi := YVi. Let 

V2 = fc(Xi, X2, X„_i)[X„](x„) + Ml = k{Xi,X2, X„_i) + M2 

with M2 := Ml +Xnk{Xi, Xn-i)[Xn\{x„)- It is well known that V2 is a valuation domain 
of (KruU) dimension 2 [11, Exercise 13 (2), page 203]. Also, by [12], V2 is an AF-domain. 
Let 

^3 = fc(Xi, X2, ...,X„„2)[^„-l](X„_i) +M2 = fc(Xi,X2, X„_2) + M3 

with M3 := M2 -f Xn-ik{Xi, Xn-2)[Xn-i\{x„-i)- Then V3 is a valuation domain of 
dimension 3 which is an AF-domain. We may iterate this process to construct a valuation 
domain of the form V = K + M which is an AF-domain of dimension r for each positive 
integer r. □ 

Acknowledgement. The author would like to thank the referee for his/her helpful sugges- 
tions. 
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